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Nonassociativity, Dirac monopoles and Aharonov-Bohm effect 
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The Aharonov-Bohm (AB) effect for the singular string associated with the Dirac monopole 
carrying an arbitrary magnetic charge is studied. It is shown that the emerging difficulties in 
explanation of the AB effect may be removed by introducing nonassociative path-dependent wave 
functions. This provides the absence of AB effect for the Dirac string of nonquantized magnetic 
monopole. 
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Nowadays interest in the Dirac monopole problem [l] is 
growing in connection with the ‘fictitious’ monopoles that 
are similar to the ‘real’ magnetic monopoles, however, ap¬ 
pearing in the context of the Berry phase [2]. Recently, 
the experimental results providing evidence for the ‘fic¬ 
titious’ magnetic monopole in the crystal-momentum 
space has been reported in relation to the anomalous 
Hall effect Q- Besides of the anomalous Hall effect, these 
type of magnetic monopoles emerges in trapped A-type 
atoms, anisotropic spin systems, nonconnnutative quan¬ 
tum mechanics, eta, and may carry an arbitrary ‘mag¬ 
netic ’ charge 1.3, 3, fi !*>. 0- 0 El Efll ■ 

It is known that the Dirac quantization condition 

2pi = n, n£Z, 

where pi = eg, electric charge being e and magnetic 
charge q (we set h = c = 1), does not follow from the 
quantum-mechanical consideration alone. Any treatment 
uses some additional assumptions that may be not phys¬ 
ically inevitable. For instance, in Dirac’s theory ‘quanti¬ 
zation of magnetic charge’ follows from the requirement 
of the wave function be single-valued. However, single- 
valudness is not one of the fundamental principles of 
quantum mechanics, and having multi-valued wave func¬ 
tions may be allowed until it does not affect the algebra 
of observables. 

Other well-known topological and geometrical argu¬ 
ments in behalf of Dirac quantization rule is based on 
em ploy ing classical fibre bundle theory 00000 
I Hi I17l| . In this approach the Dirac monopole is treated 
as the Hopf bundle (7( 1) over S 2 . A realization of the 
Dirac monopole in this way implies that there exists the 
division of space into overlapping regions {Ui} with non¬ 
singular vector potential being defined in {Ui} and yield¬ 
ing the correct monopole magnetic field in each region. 
On the triple overlap Ui (T Uj (T Uk it holds 


exp(z(gjj + qjk + qki)) = exp(i47iy<) 


(1) 


where qtj are the transition functions such that UiFiUj —> 
(7(1). The consistency condition, which is equivalent 


to the associativity of the group multiplication, requires 
qij + qjk + qki — 0 mod 27 tZ. This gives rise to the Dirac 
selectional rule 2/j € Z as a neces sary condition to have 
a consistent (7(l)-bundle over S 2 [III 0. 0| . 

Finally, group-theoretical approach requires Dirac’s 
quantization as a necessary condition that the operator of 
total angular momentum generates a finite-dimensional 
representation of the rotation group 000 Eii 0 

At the first sight these results restrict the magnetic 
monopole’s world by the monopoles which just satisfy 
the Dirac quantization condition. Nevertheless, the self- 
consistent theory of Dirac’s monopole with an arbitrary 
magnetic charge can be constructed nonassociative struc¬ 
tures such as quasigroups and loops 000113 To 
this end one needs to consider the nonassociative general¬ 
ization of (7(1) bundle over S 2 employing nonassociative 
fibre bundle theory 0000 , and in the context of 
the group theory one has to consider infinite-dimensional 
representations of the rotation group |27L I28L I29l| 

As is well known, any choice of the vector potential 
yielding a magnetic field of the Dirac monopole must 
have singularity, known as the Dirac string. In this the 
exploration of the Aharonov-Bohm (30] (AB) effect for 
the Dirac singular string has been of great interest. The 
AB effect is appeared in quantum interference between 
two parts of a beam of charged particles, say electrons 
with charge e, passing by an infinite long solenoid. The 
interference pattern on the screen does not change if the 
relative phase shift A ip = e$, where <f> is the total mag¬ 
netic flux through solenoid, satisfies the following condi¬ 
tion: A ip = 27m, n £ Z. 

What makes difference between the infinite long 
solenoid and Dirac’s string is that the latter can be moved 
out of position by a singular gauge transformation. This 
means that the monopole string can not be observed in 
AB experiment (if singular gauge transformations are al¬ 
lowed). Thus, the absence of AB effect for the Dirac 
string has a crucial significance for a consistent magnetic 
monopole theory, and, as it is well-known, this require- 
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ment yields the Dirac quantization condition. 

This raises the question of whether the absence 
of AB effect for the Dirac string is compatible with 
arbitrariness of magnetic monopole charge. In this 
Letter we show that the response is affirmative, but it 
requires employment of nonassociative structures like 
quasigroups and loops. 

Magnetic monopole preliminaries. - Since any choice 
of the vector potential A being compatible with a mag¬ 
netic field B = qr/r 3 of Dirac monopole must have the 
singular string, one has B = V x A locally, but not glob¬ 
ally, and this implies 

B = rotA + h (2) 


wave functions are considered as having a non-integrable 
(or path-dependent) phase factor lL fill flU [32j 

Aharonov-Bohm effect, Dirac’s string and nonassocia¬ 
tive algebra of observables. - Let a coherent beam of 
electrons with charge e is incoming from — oo. The beam 
is split at the point P in two parts, passing by an infi¬ 
nite long solenoid (Fig^). In spite of the fact that the 
magnetic field B outside the solenoid is equal to zero, 
it produces an interference effect at the point jQ of the 
screen, where the beams are brought together I3(l |. 

Following Mandelstam [32/], let us consider the path- 
dependent wave function 

T(r, 7 ) = e Ml(r ’ T V(r), (9) 


where h is the magnetic field of the Dirac string C . 

There is an ambiguity in the definition of the vector 
potential. For instance, Dirac introduced the vector po¬ 
tential as Pi 


A n = q- 


r x n 


(r — n • r) 


( 3 ) 


where the unit vector n determines the direction of string 
(hereafter denoted by S n ), which passes from the origin 
of coordinates to oo , and 


h n = 4nqn / (5 (r — nr)dr. 

Jo 


Schwinger’s choice is |31j : 


A^ = i(A n + A_ n ), 


( 4 ) 

( 5 ) 


with the string being propagated from — oo to oo. Both 
vector potentials yield the same magnetic monopole field, 
however the quantization is different. The Dirac condi¬ 
tion is 2p = p , while the Schwinger one is p = p, p £ Z. 

These two strings belong a family {SAl of weighted 
strings , which magnetic field is given by |35l| 

, „ 1 + k, 1 — k. 

h n = hn + — — h-n (6) 

where k is the weight of a semi-infinite Dirac string. The 
respective vector potential reads 

. K 1 + re . 1 — k . 

A n — — A n -| — A^ n . (7) 


where if{r) denotes the wave function in the absence of 
the magnetic field, A = 0, and ai(r,y) = e A ■ dr, 
the integration is performed along the path 7 connecting 
r and r': r r'. 

The total wave function at the point Q of the screen 
is the superposition of the wave functions along the both 
paths 


'Fq = 'Fi(r, 7 i) + ^(r, 72 ) 

= e“ l(r ’ 7l Vi(r) + e“ l(r ’ 72 V 2 (r) 

= e“ l(r ’ 72) (e ie $ A dr if \ (r) + if 2 (r)) , (10) 

where ai(r, 71 ) and ai(r, 72 ) are equal to —e Jp A • dr 
along the paths of the first and second beam respectively. 
A relative phase shift Aip is given by 

A ip = e <j> A • dr = e<f>, (11) 

J '•y 

where the integration ie performed along the closed path 
7 = 71 U 72 , $ being the total magnetic flux through the 
solenoid. The condition for the absence of observable AB 
effect is e$ = 27m, n £ Z. 

Let us assume that the beam passes in the upper half 
of the space divided by the plane z = 0. Then the contri¬ 
bution of the string S'£ to the relative phase shift of the 
wave function at the point Q is found to be 

A ip = 27t(1 + k)h (12) 

and, if the beam passes in the lower half-space (z < 0), 
one has 


Note that two arbitrary strings and S*, are related 
by gauge transformation: 

A^=A K n + d X ., ( 8 ) 

and the corresponding wave function transforms as 
follows: if' = exp(—*y)^>. In fact, in Dirac’s approach 
and subsequent development of the monopole theory the 


A ip = 2it(k — l)p (13) 

It follows from the Eqs. 113. d the absence of AB 
effect when (1 + n)p and (1 — ft)/r, both are integers. In 
the case of n 7 ^ 0 , this yields immediately the following 
conditions: 2 qi € Z, that is the celebrated Dirac rule, and 
quantization of the string weight, 2 up, £ Z. If k = 0, one 
obtains the Schwinger quantization condition, p £ Z. 
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FIG. 1: The simplified scheme of the Aharonov-Bohm exper¬ 
iment. The magnetic field B = 0 outside the solenoid. 


At first sight the existence of the magnetic monopoles 
with an arbitrary magnetic charge is in contradiction 
with the AB experiment. To clarify issue let us recall 
that the relative phase shift GH> arises as result of the 
parallel translation of wave function along the contour 
7 surrounding the Dirac string. It is known that for the 
generators of translations the Ja«)bi identity fails and for 
the finite translations one has 00 

(UgUb) U c = exp(ia 3 (r; a, b, c))f/ a (U b U c ) (14) 

where a s is the so-called three cocycle; a 3 = Airp, 
mod 27 tZ, if the monopole is enclosed by the simplex with 
vertices (r, r + a, r + a + b, r + a + b + c) and zero oth¬ 
erwise |33j . For the Dirac quantization condition being 
satisfied a 3 = 0 mod 27rZ, and m provides an associa¬ 
tive representation of the translations, in spite of the fact 
that the Jacobi identity continues to fail. Thus, we see 
that the AB effect requires more careful analysis, if one 
assumes existence of an arbitrary monopole charge. 

The emerging difficulties in explanation of the AB 
effect may be removed by introducing nonassociative 
path-dependent wave function T (r; 7 ). Here we con¬ 
sider the simplified version of the approach developed 
in 

Let us start with the nonassociative generalization 
of the gauge transformations known as gauge loop Q, 
which is related to the so-called string group 0 m 
The string group, denoted as String 9Jt, is the group 
of all paths 7 : [0,1] t—> Diff9JT, where DiffSH denotes 
the diffeomorphism group on 9Jt = 7? 3 \{0} such that 
r 1 * r (t) = rj(t), t £ [ 0 , 1 ] and 7 ( 0 ) = identity; the 
group composition is defined as 712(0 = 71 (t) o 72 (f). 

Now let / 7 be the map: 

/ 7 : r [/ 97 = exp (iai(r; 7 )) S Q, (15) 


a 1 (r;'y)=ej A(£) • ( 16 ) 

where the integration is performed along a path connect¬ 
ing a point r with a point r / = r7(l), and A(r) is the 
vector potential. 

The product of two elements U g , U g £ Q is defined 
as follows: 

Ug^ *Ug^ 2 = C/g 7i .g 72 , Ug^.g^ £ Q (17) 

9 i£ 9 i 2 = ai(r;7i) + ai(ri;7 2 ) + cr(C,E)), 

where iq = r7i(l), and a(C, E) being the contribution of 
the Dirac string: 

a = e [ h ■ dS ( 18 ) 

7 s 

is not zero if and only if the string C crosses the surface 
E. The surface is parameterized as r (t,s) = rji(t)"/ 2 (s) 
with 0 < s < t < 1, and the vertices are (r, iq, r2), where 
rq = rqi(l) and r 2 = r7 2 (l). 

For the triple-product we obtain the following result: 

U gil * (t/g 72 * UgJ = )([/g 7i * UgJ * Ug^ 

where a 3 = Airp, is the three-cocycle. As is easy to see, if 
the Dirac quantization condition is fulfilled, the operation 
* is associative and the local loop Q becomes the gauge 
group 17 ( 1 ). 

The nonassociative path dependent wave function is 
given by 

tf(r, 7 ) = e i “ l(r ’' 1 ' ) 'F(r), e“ l(r ’ 7 > e QU( 1 ), ( 19 ) 

and the realization of gauge loop Q in the space of the 
wave functions 4/(r,7) is defined as follows: 

t/g 7i * T(r; 7) = e i (“i(r;7i)+-(C,s))^ (r /. ^ ( 20 ) 

where U g = exp(*aq(r; 71) £ Q, and r’ = r7(l). 

For the product of 4>(r,7i) and *F(r, 72) we obtain 

^(r,7i) * 4 /(r, 72) = e* a!2(r;71 ’ 72) 4 '(r, 712), (21) 

where 

a2(r;7i)72 )= e [ B-dS = e$| s ( 22 ) 

7 s 

4 >| s being a magnetic flux through the two-dimensional 
simplex E with the vertices are (r,iq,r2), where rq = 
rqi(l) and r2 = r72(l). Finally, the triple-product obeys 

^(r, 7 i) * (^( r , 72 ) * ^( r i 73)) 

= e I “3( r;7i ,7 2 > 7 3) ^( rj 7 X ) * $(r, 72)) * 4 /(r, 7 3 ). ( 23 ) 

Returning to the AB effect, let us consider the follow¬ 
ing paths (FiglTJ : 

7 i (t) ■ r -7 r + t(ai +a 2 ), 

72(7) : r -7 r + t(a 3 +a 4 ). 


(24) 

(25) 
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Now, taking into account the formula <EU one can easily 
see that the result of Eq. cni is replaced by 

' Pq = ^i(r, 7 i) + ^2(1772) 

= e *“ l(r,7l )^i(r) + e iai(r ’ 72 V 2 (r) 

= e iai ( r ’ 72 ) (e l “ 2(r;7l ’ 72 Vi(r) + M r )), ( 26 ) 

and a relative phase shift A ip is given by 

Atp = a 2 (r; 71 , 72 ) = e / B-dS = e4>| (27) 

Jy 

where $ | is the magnetic flux of the monopole through 
the surface E bounded by 71 and 72 . Evidently, there 
is no any contribution fi'om the Dirac string to the AB 
effect. 

Note, that for the true AB effect <f>|^ is equal to the 
total magnetic flux$ through the solenoid, and we obtain 
for the relative phase shift A ip the same result as in CD- 

A tp = / B • g?S = e ® A ■ dr = e<f>. (28) 

Jy J~i 

We close with some comments about relevance of this 
work to nonassociative quantum mechanics. A standard 
quantum mechanics deals with a linear Hilbert space 
and associative operators, therefore, the Dirac quantiza¬ 
tion rule is a necessary condition for the self-consistence 
of quantum mechanics in the presence of magnetic 
monopoles. Avoiding this condition implies introducing a 
nonassociative algebra of observables. Since the nonasso¬ 
ciativity produces a serious conflict with a Hilbert space, 
one must define an nonassociative equivalent to quantum 
mechanics, may be without Hilbert space and in terms 
of density matrices alone [Hi. [3 [2, [ljl (331. 
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